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Abstract

This paper describes the extension of pivotal function approach to deriving the
mathematical representation of the input current of a controlled three phase bridge
rectifier circuit. The basis is that a single thyristor and its associated rectifier circuits
could be modelled as a pivotal function which relates the input voltage and current with
load resistance. In the conduction region the thyristor behaves as a double P-N junction
diode, which implies that it could be modelled as a pivotal function with the conduction
interval controlled by a gate firing pulse. On this projection is based the development of a
thyristor controlled rectifier model in this paper beginning with the mathematical
expression of a thyristor current. The model equation was derived in a manner as to
include or exclude the effect of source inductance for flexible applications. Considering
the effect of source inductance resulted in a non-linear second order ordinary differential
equation with the inverse pivotal function as the second coefficient. The model was also
modified to cater for cases involving unbalanced three phase supply voltages. Simulation
result on the studied circuit based on the derived model expression compared with its
counterpart from Simpower simulation has established that the pivotal function technique
reflects properly the regulating behavior of a thyristor. The derived model was deployed
in analyzing the waveforms and harmonic profile of the distorted input current of the
studied circuit at different firing angles. The result has established that the derived model
will further enhance the analysis of controlled rectifiers in resonance studies.

Keywords: Controlled Rectifiers; Harmonic Distortion; Pivotal Function; Resonance;
Thyristors.

1.  INTRODUCTION

Semiconductor rectifiers abound in the power industry; they constitute the power stage of
most non-linear power equipment and therefore require appropriate model expressions in
power system analysis and design. The major obstacle is the time varying nature of most
power converters arising from their switching characteristics. Several attempts were
made by many researchers including Udomsuk et al. (2011) and Md Hasan et al. (2012)
to eliminate the switching action and achieve a time invariant model where classical
control theory can easily be applied. The first is the generalized state space averaging
(SSA) employed by Emadi (2004a) in the analyses of power converters involved in DC
distribution systems and Emadi (2004b) in the analysis of rectifiers in single phase AC
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distribution systems. Another method widely used for AC system analysis is the Direct —
Quadrature axes (DQ) Transformation theory whereby the rectifier is modelled as a
transformer on d — and g — axes, and other network elements expressed as rotating
frames. The DQ method has been employed by Areerak et al. (2008) in stability analysis,
and in the modelling of three-phase controlled and uncontrolled rectifiers by
Chaijaroenudomrung et al. (2010). Ruttanee et al. (2011) on the other hand reported a
combination of SSA and DQ transformation methods (DQ + SSA) in deriving a dynamic
model of controlled three phase rectifier feeding an uncontrolled buck converter in a DC
distribution system.

In all these techniques, the focus is on the modelling of the entire power network to
determine its low frequency behaviour while neglecting the harmonic frequencies
injected into the network as a result of the non-linear characteristics of these rectifiers. It
makes the assessment of harmonic distortion and its associated resonance phenomenon
impossible. It is more important to derive an isolated model for the rectifier if this can be
achieved. In that regard, an attempt was made by Kazeem et al. (2005) to model the
converters as non-linear loads by application of Fourier theory on the switching function
of a single-phase ideal diode bridge rectifier to generate a frequency spectrum of sine
waves. However this model was limited to single-phase rectifier and does not portray the
exponential characteristics of a practical diode. Pejovic and Kolar (2008) also derived an
analytical expression for rectifier input current, but on the basis of the piecewise linear
model of the diode and specific power schematics. These modelling techniques are
therefore not suitable for resonance studies, where knowledge of the actual injected
harmonic spectrum is necessary.

A recent research effort by Kalunta and Okafor (2015) effectively modelled the input
current of three phase uncontrolled rectifier circuits based on the use of a pivotal
function. In this model, the exponential characteristics of a practical diode are retained
and the rectifier topological variations are reflected in a Table of rectifier parameters.
High frequencies injected into the system by the rectifier which contribute significantly to
system resonance were adequately captured in simulations based on this modeling
approach. However, scope of the study was limited to uncontrolled rectifiers assembled
from semiconductor diodes. The emergence of thyristor-controlled devices like static var
compensators (SVC) and controlled rectifiers has underscored the need to adapt the
pivotal function approach to their power quality assessment. Some industrial applications
of three-phase controlled rectifiers are induction furnaces, DC arc furnaces and speed
control of DC motors. The concept of induction heating employed in the industrial
furnaces as demonstrated by Ahmed et al. (2009) involves conversion of the AC current
from the power source to DC using a controlled rectifier. Controlled rectifiers are
composed of thyristors with their gates fired at specified angles for the purpose of
regulating the output. The mathematical model of controlled rectifiers is significant in
system design and analysis especially in electrical networks prone to resonance hazards.
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In the conduction region the thyristor behaves as a double P-N junction diode, with the
conduction interval controlled by a gate firing pulse. By extension, a double P — N
junction semiconductor thyristor could likewise be modelled as a pivotal function except
that the conduction interval is modified in accordance with the firing angle. On this
projection is based the development of a thyristor controlled rectifier model described in
this paper. It begins with the mathematical expression of a thyristor current and further
extension to the input current of three-phase controlled rectifiers using Fig. 2 as reference
circuit. The results of this analysis are compared with its counterpart from Simpower
simulation. The adaptation of pivotal function approach to modelling controlled rectifiers
will further enhance their analysis during resonance studies.

2.  REVIEW OF PIVOTAL FUNCTION TECHNIQUE

The basis of the pivotal function approach is that a practical diode, a P — N junction
semiconductor could be modelled as a pivotal function in order to retain its exponential
characteristics which is lacking in the piecewise linear model. According to Kalunta and
Okafor (2015), a practical diode comprising an ideal diode in series with a finite forward

resistance R, and voltage drop as depicted in Fig. 1 could be modelled as a closed loop

gain having R; in the feedback loop. This model also represents its incremental
conductance.

Fig. 1: Schematic representation of a practical semiconductor diode

The non-linear characteristics of an ideal semiconductor diode is represented by its
exponential equation (1), (Acha and Madrigal, 2001)

Diode current i, = I, exp No _ @)
bT

Supposing we define an exponential coefficient, g = %

The diode voltage is then expressed as,
1 .
v, :E[1+In(|dlls)] @)

where: | - reverse saturation current, id — diode current, e = 1.602 x 10-19 (electronic

charge),

S
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b = 1.38 x 10 (Boltzmann constant), V4 — applied voltage, T — Ambient Temperature
(Kelvin)
Differentiating both sides of (2) with respect toi, gives,

dv, _ 1 ;
di, A, ©)
Hence for an ideal diode,
di . 1
G = A 1] *)
d

A practical diode comprises an ideal diode in series with a finite forward resistance R,

and voltage drop, V, as indicated in Fig. 1. Supposing a sinusoidal supply voltage, V , is
connected to the diode terminals, and Kirchhoff’s Voltage Law applied,
v, =V, +i,R; +V,

v, =V, +i,R, +%[1+In(idlls)] (5)

Differentiating both sides of (5) with respect toi, gives,
dv 1
== Rf +—
diy A,
di, By
dv, 1+ iR,
where: source voltage V, = \/EVph sin( awt)
The input current of a diode over the conduction interval is therefore,

. A,
i =[—24  »J/2V cos(at)dt Y O<at<rm 7
’ Ildef‘” o COS(at) (7)

(6)

w — power frequency (radians/seconds),

V,,— magnitude of supply voltage,

t — time (seconds)

Introducing a new variable P to represent the incremental conductance of a rectifier,

different rectifier topologies could be represented by the following unified model
expression,
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P= dlin — ﬂli.n (8)
A_'_ﬂli’nRI’_

P is tagged as the pivotal function model of the rectifier,

A is a constant while i/, and R are the characteristic parameters described in a Table

arising from the application of specific modelling procedure on different rectifier
configurations (Kalunta and Okafor, 2015). The initial values of the current are obtained
from the instantaneous values of applied voltage at points of commutation.

3.  ATYPICAL THREE PHASE CONTROLLED RECTIFIER CIRCUIT

This section describes the actual topology of the studied circuit as applied in the design of
the power stage of induction furnace and DC arc furnace. A typical three-phase controlled
rectifier is a three-phase, 2-Way, 6-Pole (3ph2W6P) rectifier composed of thyristors as
the switching device with their gates fired at specified angles as shown in Fig. 2. The two
pulses in each current cycle are fired simultaneously at angles ¢, andc,. The firing

order corresponds with the numbering of thyristors in each phase (¢, - firing angle for T,
and T,, «, - firing angle for T,).

AL AL AL h
Ls j \T4 Ts Ts

Te T T4

Fig.2:  The schematic design of fully controlled three phase full wave bridge rectifier showing the
source inductance and resistive dc load, RL .

Its power quality assessment could be conducted using the pivotal function technique
described in the previous section.
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4. METHODOLOGY

4.1 Adaptation of Pivotal Function Model to Thyristors
A practical thyristor could then be considered as a double P — N junction semiconductor

in series with a finite forward resistance R; and voltage drop, V. Application of (1) ina

simple thyristor circuit supplying a resistive load, R _, produces the required model
expression.

v, :%ln[';—h}rime +i R, +V, )
P = dlth — ﬂlt-h (10)
dv, 2+ fi,R[

R/ =R, + R, and source voltage V, = \/Evphsin( at) .
P is the pivotal function for modelling of thyristor,
R, - Load Resistance

I, - thyristor current
The thyristor current based on (10) and defined over the conduction intervals is,
Iﬂ—lfha)ﬁvph cos(wt)dt V a<aot<a+ Al
2+ pig R
Iy (1) = 0 V a+A<wt<2x (11)

Iy, (ot — 27) v ot > 27

Note: iy, >0V wt <7, A=7—-20, qp =72, V- phase voltage and « -
thyristor firing angle, w - power frequency (radians/seconds)

4.2 Procedure for the Modelling of Three-phase Controlled Rectifier

In this section, the pivotal model of a single thyristor is applied to the fully controlled

three-phase bridge rectifier shown in Fig 2. This was achieved by means of the following

algorithm

i. A schematic diagram of the actual rectifier circuit design is required showing the
connection of the thyristors and the load.

ii.  The output voltage waveform is examined to determine the conduction interval of
the thyristors during the first cycle. The conduction interval for each input cycle is
defined by the no load output voltage.

iii.  For flexible applications, an equivalent circuit of the thyristor bridge circuit is
drawn first from the given schematic diagram. The purpose is to derive a model
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Vi.

Vil.

which excludes the source inductance. For three phase circuits, the equivalent
circuit is drawn for each phase showing the phase voltage and flow path of input
currents for each conduction interval phase.

By the application of Kirchhoff’s voltage and current laws, an expression for the

input voltage V;,in terms of the input current i, is derived.

Differentiation with respect to the input current is carried out to obtain the
expression similar to the pivotal function, and the characteristic parameters are
therefore extracted from this expression.

The supply circuit comprising the source voltage and inductance is later connected
to the rectifier module while circuit laws and pivotal function derived in (v) are
applied to obtain the dynamic model of rectifier input current.

For the purpose of analyzing the waveform and distortion profile of the rectifier
input current, numerical solution of the derived model expression coded in a
Matlab programming tool is obtained using a step size of 0.1ms, phase voltage of

V,,=415Vand load resistance  ofR =100Q2.  Other  parameters,
S =38.7Coulombs / Kelvin ,w=315rad /s, I, =10"A, R, =10Q,
L, =30mH and initial values of input current,

I,,(0)=-1.0 for half wave, i,,(0) =1.0 for full wave.

' Iin

In this study, an undistorted sinusoidal input is assumed in the simulation with fixed input
voltage and fixed source inductance.

4.3 Derived Model Expressions

The procedure outlined in the previous section were applied to Fig. 2 to obtain the model
expression of phase ‘a’ current of the controlled rectifier bridge, which represents a
balanced three-phase condition resulting from a system of balanced and undistorted three

phase supply voltage V,, applied to the rectifier. By application of (9), which represents

the voltage across a single thyristor, as well as Kirchhoff’s Voltage Law on Fig. 2, the
model equation of phase ‘a’ current of the controlled rectifier bridge based on pivotal
function technique while neglecting the source inductance was derived as follows,

Vo = 2V, +%In{‘a . 'S}ERf (i, — 1)+ R (i, - 31,) (12)

2

S

and upon differentiation,

dv,,

4

di

a

3
= A1) +(ERf +R))
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di, _  fla (13)
dv,, 4+ SiiR!

- , 3 .
A=4,i =(i,—1,), and R/ ZERf +R,, Vab:\/EVphSIn(a)t)

0] vV O<ot<a
. [Pav2v,, Cos(a)t):t v o <ot<a, ”
o |-[Pevav,, cos(a)t+?7z)dt V oa,<ot<rz
—i, (ot —27) \v ot > 7

Note: i, >0V et <7, a, =, + /3.

where the pivotal function, P = L (15)
4+ pilR]

The two pulses in each cycle of the input current were fired simultaneously at angles o,

and o, .

The inclusion of leakage inductance L, of the supply transformer into the circuit results

in a non-linear second order ordinary differential equation for the rectifier input current
with the inverse pivotal function as its second coefficient as stated in (16).

10 \/— 1 di
. —Al2V_ cos(at) ———=2 V g +ep<lot<a
d2|a ~ LS ph ( ) LSP dt 1 q) 2 (16)
2= .
dt _gﬁvph Cos(a)t+2—ﬂ-)— ! % V a,<aot<o+27
L, 37 LP(t) dt

L>0Vaot<rz,i,=—l (at—7) V ot>rx

1 la

The unbalanced three phase equivalent of (16) was also derived and represented by the
current at k-th phase,

(0\/* 1 dik
—/2V, cos[at + 27 (1-Kk)/3]- Xy +o+2x(k-1)/3<wt +2r(k-1)/3
g, | L VP oslet s 220013 R args ek DI3Sot e+ 2r( D13 (g7)
dt? w 1 di,
—L—ﬁvkcos[a)t+27r(2—k)/3]—l_ 5 dt V a,+2n(k-1)/3<wt < +27+27(k-1)/3
sk

sk

KW>0Vaot<rz,i=—l(t—7) V ot>r
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where: the phase K e {1,2,3}, V, — k-th phase voltage and L, — transformer leakage
inductance for phase k.

The three-phase model expression is applicable to circumstances involving unbalanced
three phase supply voltages. These second order non-linear equation do not possess any
closed form solution but numerical methods could be applied to generate the data which
represents the instantaneous currents. These data could be plotted to obtain the current
waveform, and also subjected to Fourier analysis to obtain the harmonic currents.

Voltage gty

4.4 Model Verification

ool
Y

Fig. 3: Simpower model schematic diagram of fully controlled three-phase full wave bridge rectifier
showing the source inductance and resistive load

8z

iF

Simpower simulation of the studied circuit was conducted under the same conditions as
stipulated using the schematic diagram of the rectifier as shown in Fig. 3. The purpose is
to determine the current waveform, total harmonic distortion (THD) and current
magnitudes at different thyristor firing angles.

The data generated by this simulation were analyzed to produce the distorted input
current waveform at the phase ‘a’ and the frequency spectrum. The waveforms are so
timed in a manner as to avoid the transient response and select only steady state values.
The steady state is attained when a cycle of the waveform is within the period of 0.02s
interval. The graphical results of both simulations based on the proposed model and
Simpower model are displayed for further comparison.

5. RESULTS AND DISCUSSIONS

This section presents the result of the theoretical analyses on the controlled rectifier under
study in terms of waveforms and harmonic tables. The results from simulations based on
the proposed pivotal function approach and Simpower are also compared. The plotted
values are obtained from the instantaneous data representing the distorted input current.
Fig. 4 indicates a disparity between the pivotal technique and simpower simulation model
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in terms of shape of current waveform at a firing angle «,/5. The pivotal current is

symmetrical about its central axis coinciding with that of the applied voltage while the
Simpower current is skewed to the right of this axis because the Simpower simulation is
based on the piecewise linear model of the semiconductor device. The minimum and
maximum limits of firing angle are shown in Fig. 5.

Current waveforms for different thyristor firing angles illustrating the regulating action of
the thyristor are displayed in Fig. 6 for a single thyristor circuit and Fig. 7 for the rectifier
circuit under study. The current decomposition begins with the second pulse down to the
first pulse and the point at which the second pulse disappears seem to coincide with B (

= 7r12). The thyristor current decreases towards zero from its maximum value as the
firing angle is increased from zero to the maximum value ¢, = 7 /2 (see Fig. 5).

_.m._

60 —— Pivotal curent
- . = Simpower current [a)
o O [ Applied voRage E
! 5 o
8 0of 3
= =
20F 5, 5
0 40 % 4 _{E
*, ©
0 R o
80 : : : : . :
0 5 100 150 200 250 300 330 o .
Ang'e{degr&e) 0 02 04 06 08 1 12 14
Firing angle (radians)
Fig. 4: Thyristor current waveform from simulations  Fig. 5: Variation of Peak Current & THD with
using Simpower and pivotal Technique respectively firing angle in a single thyristor circuit
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Fig. 6: Current waveforms for different firing angles in a single thyristor circuit with series reactance
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The Total Harmonic Distortions (THD) computed at different firing angles starting from
713 shows that there is relative stability before B and rapid increase in THD after B
where the second pulse has varnished. The region A — B gives an optimum operating
range of the device because it maintains a stable distortion profile of THD = 30%. This
implies that the optimum range of angles to be adopted for effective firing of the thyristor
is 7/3<a <2x/5. Thus the current distortion at any point in the region could be

uniformly represented with a harmonic table (Table 1) computed by Fast Fourier
Transform of discrete instantaneous currents. The figures in this table indicate the
frequencies injected into the system by this rectifier which also need to be mitigated with
a filter.

1860
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Fig. 7: Current waveforms for different firing Fig. 8: Variation of Peak Current & THD with
angles in a 3ph2W6P controlled rectifier firing angle in a 3ph2W6P controlled rectifier
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Information displayed in Figure 8 is that C, representing o, = 77/ 2, is the maximum limit

for the firing angle of the first pulse since the current magnitude decreases to zero at C.
This is also confirmed in Fig. 9 where the conduction angle is observed to decrease

linearly from its maximum value at A (o, =7/3) to zero at C. Extrapolating the line to
vertical axis reveals the linear relationship between the conduction angle and firing angle
as A =m—2c, . The results of simulation at zero firing angle are comparable to that of a
diode bridge circuit as shown in Fig. 10.

Table 1: Harmonic table for the pivotal current of 3Ph2W6P controlled rectifier

Harmonic Order (h) Harmonic magnitude, A, (%)
a,=60° | o =65° a, =10° a, =15°
1 100 100 100 100
2 0.27 0.24 0.33 1.03
3 15.83 13.76 12.77 28.64
4 0.38 0.38 0.36 0.24
5 15.26 16.42 16.62 12.91
6 0.58 0.57 0.48 0.43
7 10.70 9.73 7.07 1.50
8 0.55 0.49 0.34 0.23
9 7.73 6.40 4.10 3.04
10 0.49 0.39 0.28 0.04
11 5.42 5.00 4.67 2.47
12 0.47 0.46 0.41 0.18
13 4.87 491 411 0.23
14 0.51 0.50 0.40 0.15
15 4.57 4.36 3.04 0.90
THD (%) 29.4 28.0 25.0 318

A closer look at Table 1 reveals that the distortion profile changes with the firing angle as
well as the magnitude of each harmonic component. The strength of higher order
harmonics decreases at a faster rate at higher values of firing angle (also represented by
the A — B section of THD curve in Fig. 8). This may appear as elimination process for
high order harmonics, but ironically the waveform is almost lost at high values of firing
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angle. In order to strike a balance, an optimum operational firing angle which can reduce
the harmonic content as well as retain the waveform is desired (preferably ¢, = 65°).

6. CONCLUSION

This paper describes an attempt to develop a pivotal function approach to the modelling
of different controlled rectifier configurations while using a three-phase fully controlled
bridge rectifier as reference circuit. Simulation of rectifier configurations based on this
approach has clearly captured all the significant harmonic frequencies contained in the
rectifier input current. It has also established that the level of harmonic content differs for
various firing angles. The uniqueness in this model is the effectiveness in the evaluation
of distortion profile of induction furnace and DC arc furnaces in three-phase power
distribution systems better than in modern power system simulation softwares like
SimPower and ETAP. The derived model expression retains the exponential
characteristics of the P — N junction semiconductor device. Simpower software employs
the piecewise linear model and does not permit the kind of flexibility in the rectifier
supply voltage as applied in the pivotal function model. The impact on distortion level
created by the ohmic heating of diode bridge, leakage current, load resistance, distorted
supply voltage, phase shift can easily be examined using this approach.
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